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Abstract

The traditional machine learning paradigm assumes that the training and test data come from the same
distribution. In real-world scenarios, however, the data-generating distribution may change over time,
leading to nonstationarity. This work addresses the challenge of forecasting nonstationary time series data
by leveraging the invariance property of causal mechanisms. We investigate a method that identifies the
predictors of a target variable that remain invariant to interventions across time through hypothesis test-
ing. This approach is grounded in the principle that the conditional distribution of a target variable given
its causes is unchanged even when external interventions perturb the distribution of input features. To
simulate the interventions that closely mimic real-world scenarios, we utilize the concept of covariate shift,
changing the causal strengths and noise variances within the data. The method is validated on synthetic
data and rigorously tested from various computational perspectives. Experimental results demonstrate
that invariant causal models outperform ordinary least squares regression in predicting nonstationary
time series data across various levels of sample complexity, causal strengths, and noise variances.
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Chapter 1

Introduction

Machine learning has demonstrated its versatility in many domains, from stock price forecasting to text

generation. The appeal ofmachine learningmodels comes from their ability to employ inductive reasoning,

allowing them to generalize beyond hard-coded rules and make informed predictions about previously

unseen data. The underlying challenge in machine learning, however, lies in the fact that observed data

are mere “snapshots” of the probability distributions that generated them. Without knowledge of the

underlying distributions, models strive to minimize empirical error at best, hoping it aligns closely with

the error with respect to the true distribution. The fundamental theorem of statistical learning tells us that

this hope is not unfounded. When a hypothesis class has a finite Vapnik-Chervonenkis (VC) dimension,

risk estimates become uniformly accurate across the hypothesis class, given enough training data [Shalev-

Shwartz and Ben-David, 2014]. In essence, these conditions allow the algorithm to perform empirical risk

minimization (ERM) with the confidence that it will lead to minimizing the true risk as well.

Uniform convergence, in itsmost generic form, implicitly assumes the stationarity of the data-generating

distribution. For example, traditional covariance-based methods such as linear regression rely on the con-

cept of covariance with the expectation that it will persist into the future. However, they encounter sig-

nificant challenges in the face of non-stationarity, i.e., where the training and test sets no longer come

from the same distribution. In such cases, the guarantees of uniform convergence and the effectiveness of

ERM can be compromised as empirical risk (i.e. error) estimated from training data is no longer a reliable

approximation of the expected risk. In regression tasks, finding invariant relationships among variables
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thus becomes an indispensable task for enhancing the robustness of machine learning models.

In this thesis, we answer the question of how to find invariant relationships in time series data, guided

by the principles of causality. We start with the premise that data is produced by a deterministic causal

mechanism that is unknown to us. The causal structure, by construction, specifies which variables will

be affected by changes in the system, so it provides a natural framework for identifying invariant rela-

tionships between variables [Simon, 1979]. Invariance implies that the conditional distribution of a target

variable given its causes remains identical even when external interventions alter the distribution of vari-

ables other than the target variable itself. We exploit the invariance property of causal relationships to

find the predictors of a target variable that withstand unforeseen changes. Simon [1979] argues that the

value of causal knowledge lies in its ability to predict the effects of changes in the system. As long as the

system remains unaltered, knowledge of the causal mechanism is not required for prediction, but in the

face of non-stationarity, it becomes essential, for accurate predictions, to at least partially discover such

mechanisms.

Evidently, there is a clear distinction between causal and statistical concepts. Existing vocabulary in

probability theory is not fully equipped to express causal assumptions and claims [Pearl, 2009]. In Chapter

3, we introduce terminologies and concepts that are central to the identification of causal relationships.

Chapter 4 describes a method proposed by Pfister et al. [2019] that finds the causes of a variable of interest

that are invariant to interventions across time. Through hypothesis testing, the method identifies all the

models that yield invariant predictions across different environments. Pfister et al. [2019] argue that the

true causal model is a member of this set of models with high probability. In Chapter 5, we demonstrate the

effectiveness of the method in finding invariant relationships in time series data. We validate the method

on synthetic data by comparing the estimated causal predictors with the true causes. We then compare the

performance of the method with traditional regression models, and show that causal knowledge is useful

for robust forecasting in non-stationary environments. Finally, we discuss the implications of our findings

and suggest future directions for research in Chapter 6.
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Chapter 2

Related Work

Methods for inferring causal graphs can be broadly categorized into four classes: constraint-based, score-

based, structural-causal-model-based, and Granger-causality-based methods. In this section, we discuss

their generalized version for multivariate time series data. Constraint-based methods like the Peter-Clark

(PC) algorithm and its time series extension, PCMCI, rely on tests of conditional independence to construct

a graph that outlines potential causal relationships [Runge et al., 2019; Spirtes et al., 2000]. These methods

start by creating a basic structure without directed edges based on which variables are conditionally inde-

pendent of each other. Then, they use rules to direct the edges, forming a graph that represents the causal

relationships.

Score-based methods, such as NTS-NOTEARS, assess howwell different causal models fit the observed

data using probabilistic scores [Sun et al., 2021]. This approach allows for the comparison of many possible

models, selecting the one that best explains the data. It contrasts with constraint-based methods, which

typically suggest a single model without indicating how certain it is. Score-basedmethods aremore flexible

because they use a goodness-of-fit measure instead of relying strictly on conditional independence tests.

The two families of methodsmentioned above encounter some challenges. They struggle to distinguish

between the models within the same Markov equivalence class—a set of causal structures that share the

same conditional independencies. They also require faithfulness, which is a strong assumption imposing

that the observed conditional independencies in the data accurately reflect the true causal relationships.

Another approach that goes beyond these limitations is the Structural Causal Models (SCM) framework,
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which combines the causal and probabilistic aspects of the data-generating process [Gong et al., 2023]. A

method called Time Series Models with Independent Noise (TiMINo) leverages the Additive Noise Model

framework [Peters et al., 2013]. It aims to identify causal relationships by fitting structural causal models

that can capture temporal dynamics, where each variable at time t is expressed as a function of its own

past values and an independent noise term. The method uses independence tests, like cross-correlations

and the Hilbert-Schmidt Independence Criterion (HSIC), to detect causal relationships within the additive

noise model setting.

Granger-causality-based methods evaluate the causal impact of one variable on another by testing if

past values of the predictor variable can significantly improve the prediction of the current value of the

target variable [Gong et al., 2023]. Temporal Causal Discovery Framework (TCDF) is one such method,

leveraging attentionmechanismswithin deep learningmodels to identify and quantify causal relationships

over time, focusing specifically on the temporal dynamics between variables [Nauta et al., 2019]. However,

Granger causality relies on the assumption that data is stationary and the cause precedes its effect in time,

which means it cannot detect instantaneous effects [Gong et al., 2023]. This limitation makes Granger

causality less effective in the real world setting.

Recent work also uses deep learning models to learn causal representations from data. Ke et al. [2022]

propose a method that uses transformers for causal discovery in the i.i.d. setting. They treat the inference

process as a black box and design a neural network architecture that learns the mapping from both obser-

vational and interventional data to graph structures via supervised training on synthetic graphs [Ke et al.,

2022]. In the early stage of this thesis work, we have attempted to extend this approach to time series data,

but it was not able to capture the causal relationships from the data as effectively as we had hoped, not to

mention the subtantial computational complexity of training a transformer model.

After exploring various methods, we internalized that discovering the full causal structure from scratch

is a challenging task, often requiring strong, if not unrealistic, casual assumptions. What proved effective

for us was to focus on finding the invariant predictors of a target variable within time series data based

on the principles of causality, as introduced by Pfister et al. [2019]. We find all the models that produce

invariant predictions across different environments through hypothesis testing. This process leads us to

likely identify the true causal model within this set.
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We find the hypothesis testing approach to be effective for causal discovery because it allows us to set

up our hypothesis about the causal relationships between variables and iteratively validate them against

the observed data, instead of finding the full causal structure from scratch using a black-box model. This

perspective is corroborated by Pearl and Mackenzie [2018], where it is remarked that the goal of causal

discovery is not to deduce the entire causal structure from bottom up, but rather to “[represent] plausible

causal knowledge in some mathematical knowledge, [combine] it with empirical data, and [answer] causal

queries that are of practical value.” The method we use also proves practical because it does not rely on

strong causal assumptions such as faithfulness. Moreover, it leverages covariate shift, which is common in

the real-world data, to identify the invariant predictors of a target variable, facilitating accurate predictions

in the face of non-stationarity.
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Chapter 3

Preliminaries

3.1 Graph Terminology

Graphs offer a visual and intuitivemeans to represent causal relationships, enabling the identification of di-

rect and indirect influences among variables. This section introduces some terminology for understanding

graphical representations of causality.

A directed graph G = (V,E) is denoted as a pair of vertices V (or nodes, used interchangeably) and

edges E ⊆ V ×V such that the pairs (u, v) ∈ V ×V are considered ordered, that is (u, v) ̸= (v, u). In an

edge (u, v), u is a parent of its child v. A path in a directed graph is a sequence of nodes (u1, u2, ..., uk)

such that (ui, ui+1) or (ui+1, ui) ∈ E for all i = 1, ..., k − 1 and ui ̸= uj for all i, j = 1, ..., k. Note that

a path, by its definition, can “flow” in any direction, which may go either along or against the direction

of the edges, such as u → v ← w or u ← v → w. This definition is in line with causality literature,

where the direction of the path is not restricted by the direction of the edges [Pearl, 2009]. A path is said

to be directed if (ui, ui+1) ∈ E for all i = 1, ..., k − 1. A directed graph is acyclic if and only if there are

no nodes u, v ∈ V, u ̸= v such that there are directed paths from u to v and from v to u. Such a graph

is called a Directed Acyclic Graph (DAG). All nodes from which there is a directed path to a node u are

its ancestors, and all nodes to which there is a directed path from a node u are its descendants. We now

introduce a concept that is central to the identification of causal relationships from a DAG.

Definition 1 (Blocking) A path p is said to be blocked by a set of nodes Z if and only if
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1. p contains a chain i→ m→ j or a fork i← m→ j such that the middle node m is in Z,

2. p contains a collider i→ m← j such that the middle nodem is not in Z and no descendant ofm is in

Z.

Definition 2 (d-separation) A set Z is said to d-separate X from Y if and only if Z blocks every path from

a node in X to a node in Y.

Paths that are not blocked by any set of nodes are d-connected. The concept of d-separation is useful

for identifying conditional independence relationships among variables in a DAG, which we discuss in the

next section.

DAGs are a powerful tool for modeling causal relationships. Their directionality and sense of hierar-

chy are useful for expressing the precedence of causes over effects, which is both temporal and logical.

However, graphs alone do not provide a complete picture of the causal relationships. To establish causal-

ity, we need to go beyond graphs, and consider the probabilistic relationships between the variables. In

the next section, we introduce a framework that formalizes the causal generative process by relating both

causal and probabilistic statements. Using this framework, we can mathematically define what it means

for a variable to be a cause of another variable.

3.2 Structural Causal Model

We start from the premise that the observed data are generated by causal mechanisms that are determin-

istic functional relationships between variables. We assume that the mechanisms take the form of acyclic

structures that can be represented by DAGs.

Definition 3 A causal structure of a set of variables V is a directed acyclic graph G = (V,E) in which

each node corresponds to a distinct element of V , and each edge represents a direct functional relationship

where the parent node is a cause of the child node.

Causal structures are a graphical representation of the causal relationships between variables. It serves

as a blueprint for forming a causal model that specifies the types of the functional relationships and the

probability distribution of the noise terms that inject variability into the system [Pearl, 2009].
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Definition 4 A Structural Causal Model (SCM) C :=< G,ΘG > consists of a causal structure G =

(V,E) and a set of parameters ΘG that assign a function

Xi := fi(PAi, Ui) (3.1)

to each variable Xi ∈ V and a probability distribution P (Ui = ui) to each noise term Ui. PAi is a set of

parents or direct causes of Xi ∈ G and Ui is a noise term that is jointly independent of all other Uj ̸=i.

X := UX

W := X + UW

Y := X +W + UY

Z := Y + UZ

(3.2)

where UX
ind∼ N (µX , σ2

X),

UW
ind∼ N (µW , σ2

W ), UY
ind∼ N (µY , σ

2
Y ),

UZ
ind∼ N (µZ , σ

2
Z).

Figure 3.1: An example of an SCM (left) and its corresponding causal structure (right).

Figure 3.1 shows an example of an SCM and its corresponding causal structure. The structural assign-

ments in the SCM specify how the value of each variable is determined by the values of its parents and

noise terms. Note that they are different from algebraic equations. They are inherently directional (like

a variable assignment in a programming language), whereas algebraic equations treat both sides sym-

metrically (See Section 3.6 for more details). While the structural assignments are also called structural

equations in econometrics, we intentionally avoid using the term “equation” [Peters et al., 2017].

An SCM combines the causal and probabilistic aspects of the data-generating process. It entails a

unique joint distribution P over the variables X = (X1, X2, ..., Xd) in the sense that the values of X are

uniquely determined by the distribution of the noise terms P (Ui = ui).

Definition 5 An SCM C defines a unique distribution of the variables X1, X2, ..., Xd: any X1, X2, ..., Xd,

U1, ..., Ud satisfying Xi = fi(PAi, Ui) almost surely, where (U1, U2, ..., Ud) has the desired distribution,

induce the same distribution over X = (X1, X2, ..., Xd). We denote it as the entailed distribution PC
X .
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The joint independence of the noise terms in Definition 4 follows from two assumptions: (1) every

variable that is a cause of another variable is included in the model; and (2) “no correlation without

causation,” stating that if any two variables are dependent, then one is a cause of the other or there is

a third variable causing both [Pearl, 2009]. If an unobserved common cause had not been included in

the model, the noise terms would have been correlated. Hence, these two assumptions allow the noise

terms to be jointly independent. By virtue of the joint independence assumption, we can facilitate an eco-

nomical representation of the entailed distribution PC
X . The chain rule of probability states that the joint

distribution of d variables can be decomposed into a product of d conditional distributions:

P (X1, X2, ..., Xd) =
∏
j

P (Xj |X1, X2, ..., Xj−1).

Given an SCM, a variable Xj follows a distribution that is determined by its parents PAj and a noise

term Uj that introduces variability into the variable. Hence, we can use joint independence of the noise

terms to decompose the joint distribution of the variables into a product of conditional distributions of

each variable given its parents [Pearl, 2009]:

PC
X = P (X1, X2, ..., Xd) =

∏
j

P (Xj |PAj). (3.3)

This factorization implies that once we know the values of the parents of a variable, the value of

the variable is independent of all other non-descendants. In other words, knowing the values of other

variables does not provide any additional information about the variable beyond what is already provided

by its parents. This property equips us with a powerful tool for identifying causal relationships from the

data.

Assume we are given a joint distribution of the variables whose causal structure is unknown. If we

find a DAG such that the distribution factorizes according to Equation 3.3, we can infer that the graph

represents the causal structure of the variables.

Definition 6 (Markov Compatibility) If a probability distribution P admits the factorization of Equation

3.3 relative to DAG G, we say that G represents P , that G and P are compatible, or that P is Markovian

10



relative to G.

Definition 6 tells us that if the value xj of each variableXj is chosen at random with some probability

Pj(Xj = xj |PAj = paj) based solely on the value paj chosen forPAj as determined by a causal structure

G that we discovered, then the overall distribution P will be Markovian relative to the DAG G. In other

words, compatibility between a distribution and a DAG that we infer from the data allows the graph to

represent the causal mechanism of the variables. A convenient way to verify the compatibility is to list all

conditional independence relationships that the graph implies and check if they hold in the data. These

conditional independencies can be read off from the graph using d-separation.

Theorem 1 For any disjoint sets of nodes X,Y, Z in a DAG G and for all probability distributions P ,

X ⊥⊥G Y |Z =⇒ X ⊥⊥ Y |Z

when P is Markovian with respect to a graph G. The symbol ⊥⊥G denotes d-separation.

If conditional independencies implied by the graph hold in the data, we can understandwhich variables

are direct causes of others. This understanding is critical when predicting the effect of changes in the

system because it tells us which variables’ relationships will remain invariant under such changes, which

we will further discuss in Section 3.4.

3.3 SCM for Time Series

In our work, we are interested in finding the causes of a variable of interest within time series data. So

far, we have only considered the settings where samples are i.i.d. drawn from a joint distribution P . We

adapt the terminologies to a multivariate time series setting to incorporate the notion of time in the causal

model.

Assume we have a d-variate time series (Xt)t∈Z, where Xt = (X1
t , ..., X

d
t ) ∈ R1×d for each t. Xi

t

represents a measurement of the variable i at time t. We assume that the time series is generated by an

11



SCM in which at most the past q values (for some q) of all variables occur.

Xi
t := f i(PAi

t−q, ..., PAi
t−1, PAi

t, U
i
t ),

where

..., U1
t−1, ..., U

d
t−1, U

1
t , ..., U

d
t , U

1
t+1, ..., U

d
t+1, ...

are jointly independent noise terms. PAi
t−s denotes the set of variables observed at time t− s that cause

Xi
t for s = 1, ..., q. If PAi

t−s is non-empty for Xi
t , we say there is a delayed effect. If PAi

t is non-empty

for Xi
t , we say there is an instantaneous effect. The inherent temporal ordering guides the identification

of causal relationships, as it imposes a natural constraint that causes must precede their effects in time or

occur simultaneously.

We restrict the function class of f i to be linear functions with additive Gaussian noise of the form:

Xi
t :=

q∑
s=1

Xt−sβ
i
s + U i

t , (3.4)

where βi
t ∈ Rd and U i

t ∼ N(0, σ2
Ui
). This restriction is a popular special case of SCMs in time series

analysis, known as Vector Autoregressive Models (VAR). However, the method we describe to identify

invariant predictors of a variable can also be extended to non-linear functions with non-Gaussian noise

[Pfister et al., 2019].

3.4 Interventions

SCMs provide a convenient framework for quantifying the impact of changing the distribution of one

variable on another. By articulating the data-generating mechanisms, they enable accurate predictions

about the effects of these changes. Essentially, they allow us to understand the causal influence of one

variable on another by modifying the former’s distribution and observing the change in the latter. In this

section, we introduce the notion of interventions, which provide a structured method to describe how

changing a variable’s distribution affects the that of another in an SCM.
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Definition 7 (Intervention) Consider an SCM C and its entailed distribution PC
X . We replace one (or sev-

eral) of the structural assignments to obtain a new SCM C̃. Assume we replace the assignment for Xi by

Xi := f̃i(P̃Ai, Ũi).

We call the entailed distribution of the new SCM an intervention distribution, and say that the variables

whose structural assignments we have replaced have been intervened on. We denote the intervention distri-

bution as

P C̃
X := P

C;do(Xi:=f̃(P̃Ai,Ũi))
X .

The set of noise variables in C̃ are still required to be jointly independent.

Judea Pearl observed that the language of probability lacked a means to differentiate between setting

a variable’s value and simply observing it. He pointed out that this limitation hinders the modeling of

causal relationships [Pearl, 2009]. He introduced the notation “do(X := x)” for setting X = x. The do-

notation deletes the original structural assignment of a variable Xi := fi(PAi, Ui) in the SCM and adds

the assignment Xi := x.

Replacing the structural assignment of a variable changes the data-generating distribution of the vari-

able. In case of hard interventions where value of a variable is set to a constant value, the distribution of

the intervened variable is a point mass at the constant value. Graphically, one may think of hard inter-

ventions as a surgical operation that cuts off the edges between the intervened variable and its parents in

the graph. This operation renders the distribution of the intervened variable no longer dependent on its

parents, allowing us to isolate its causal effect on another variable.

Joint independence of the noise terms in Definition 7 is a crucial assumption in using interventions to

identify causal relationships. Recall that in Equation (3.3), it enabled the decomposition of the joint distri-

bution into a product of conditional distributions of each variable given its direct causes. Each conditional

distribution in the product is a causal mechanism that specifies how the value of a variable is determined

by the values of its direct causes and noise terms; variables that are not direct causes are not involved in

the determination. Equation (3.3) thus suggests the independence of the causal mechanisms where knowl-

edge of one mechanism does not inform or influence another. Hence, even if we intervene on a variable,
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then the other mechanisms would remain unchanged. Given an SCM C, we have the following invariance

property:

P C̃
Xj |PAj=paj

d
= PC

Xj |PAj=paj

for any SCM C̃ that is constructed from C by intervening on some variable other than Xj (Proof in

Section 3.5). The equation shows that causal relationships are autonomous or invariant under interven-

tions. Peters et al. [2017] state that the observed data is an instantiation of the following general principle

of independent mechanisms.

Principle 1 The causal generative process of a system’s variables is composed of autonomous modules that

do not inform or influence each other.

This autonomy allows us to apply localized interventions where we can change the distribution of

a variable without affecting the distribution of other variables [Pearl, 2009]. The atomic intervention

do(Xi := x′i) results in the truncated factorization of the joint distribution, where the distribution of

the intervened variable is no longer dependent on its parents:

P C̃
X (x1, ..., xd) =


∏

j ̸=i P (xj |paj) if Xi = x′i,

0 otherwise

We can now define the causal effect of one variable on another using interventions.

Example Consider the following SCM we introduced in Figure 3.1:

X := UX

W := X + UW

Y := X +W + UY

Z := Y + UZ

(3.5)

where UX∼N (µX , σ2
X), UW∼N (µW , σ2

W ), UY∼N (µY , σ
2
Y ), UZ∼N (µZ , σ

2
Z) and UX , UW , UY , UZ are

jointly independent.
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Hence,

PC
Y := N (E[UX ] + E[UW ] + E[UY ], σ

2
UX

+ σ2
UW

+ σ2
UY

).

Assume we are interested in predicting Y from X and Z . If we intervene to set Z to a value of 100,

the distribution of Y is unaffected:

P
C;do(Z:=100)
Y = PC

Y .

However, intervening on X by setting it to 100 changes the distribution of Y :

P
C;do(X:=100)
Y := N (200 + E[UW ] + E[UY ], σ

2
UW

+ σ2
UY

) ̸= PC
Y .

Given that intervening onX alters Y ’s distribution, while an intervention onZ leaves it unchanged, it fol-

lows thatX causes Y , whereasZ does not. Pearl calls themapping from the value x ofX toPC;do(X:=x)
Y (y)

for all x the causal effect of X on Y [Pearl, 2009]. Note that this effect includes both direct and indirect

effects ofX on Y throughW . Direct effects ofX on Y can be identified by intervening on all direct causes

of Y . Cutting off all the incoming edges to Y essentially blocks all the directed paths that X can take to

reach the target variable. Pearl calls themapping from the values (x, paY \X) toP
C;do(X:=x,PAY \X :=paY \X)

Y

for all (x, paY \X), where paY \X is a realization of the parents of Y other thanX , the direct effect ofX on

Y [Pearl, 2009].

It is also possible to summarize the direct effect of X on Y by a single number. Pearl [2009] defines

the direct effect of X on Y as the partial derivative with respect to x of the expectation of Y when X is

set to x:
∂

∂x
EC;do(X:=x)[Y ].

Indeed, assuming that the noise terms have zero expectation, we can obtain the structural coefficientα = 1

of X on Y in the SCM 3.5 as follows:

∂

∂x
E[Y |do(X := x),W = w] =

∂

∂x
(x+ w) = 1.

Pearl [2009] states that when we are not given the joint distribution but a sample from it, the direct
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effect of X on Y can be estimated using the regression coefficient of Y on X and a set of variables that

meet certain conditions known as the single-door criterion for direct effect, which we discuss below.

Assume we have a set of variables U that lie on d-connected paths between X and Y . Consider the

partial regression coefficient rY X·U = ρY X·UσY ·U/σX·U , which measures the direct relationship between

X and Y after controlling for U . If U contains no descendants of Y , we can write

rY X·U = α+ IY X·U ,

where α is the direct effect of X on Y and IY X·U is the partial correlation between X and Y in a model

whose graph Gα is obtained by removing the edge between X and Y . If U d-separates X and Y in Gα,

IY X·U = 0 and rY X·U = α. We can then estimate the direct effect of X on Y by regressing Y on X and

U :

Y = αX + βU + ϵ.

The following theorem provides a graphical criterion where a regression coefficient provides a consistent

estimate of the direct causal effect.

Theorem 2 (Single-Door Criterion for Direct Effect) LetG be a causal structure in whichα is the direct

effect ofX on Y associated with edgeX → Y . LetGα denote the graph obtained by deleting the edgeX → Y .

The coefficient α is identifiable if there is a set U such that (1) U contains no descendant of Y and (2) U d-

separatesX and Y inGα. If these conditions are satisfied, then α is equal to the regression coefficient rY X·U .

Conversely, if U does not satisfy these conditions, then rY X·U is not a consistent estimate of α (except in rare

instances).

3.5 Invariance to Interventions

Each structural assignment in an SCM is identified using interventions and thus specifies, by design, which

variables will be affected by interventions. In other words, causal mechanisms are inherently invariant

under interventions [Simon, 1979]. By invariance, we mean that the conditional distribution P (xj |paj)

remains unchanged across different environments, including both observational and interventional set-
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tings:

P C̃
Xj |PAj=paj

d
= PC

Xj |PAj=paj
. (3.6)

The intervention should not involve the variable Xj itself because it would change its own structural

assignment and hence the causal mechanism. Proof of this property is immediate from the definition of

SCMs.

Proof of Equation 3.6 Assume we are given an SCM where xj := fj(paj , ϵj) where ϵj ⊥⊥ PAj . After

intervening on some variableXi but not on Xj , we obtain a new environment e where xej := fj(pa
e
j , ϵ

e
j).

Because we do not intervene onXj , the structural assignment forXj and the distribution of ϵej remain the

same. Hence, for a given paj , the function f does not depend on the environment e. Thus, P C̃
Xj |PAj=paj

d
=

PC
Xj |PAj=paj

.

Additionally, if we were to compare two different interventional settings (e.g. do(Xk := x) and

do(Xk := x′)) where the intervened variable Xk ∈ PAj , the conditional distribution would remain

the same in terms of the structural parametrization. In other words, changing one variable due to an in-

tervention does not alter the functional form describing the causal mechanisms. This invariance property

is a key principle we leverage to identify causal predictors in our method.

3.6 Structural Causal Models vs Algebraic Equations

In Section 3.4, we discussed how the direct effect of X on Y can be estimated using the regression coeffi-

cient of Y on X and a set of variables that meet the single-door criterion for direct effect. However, it is

important to note that SCMs and regression equations are inherently different.

Consider two SCMs:

X := ϵ+ UX

Z := αX + UZ

Y := βZ + γϵ+ UY

(3.7)
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and

X := UX

Z := α′X + Uz

Y := β′Z + δX + UY

(3.8)

where ϵ is an unobserved noise term that followsN (0, σ2
ϵ ), UX∼N (0, σ2

X), UY∼N (0, σ2
Y ), UZ∼N (0, σ2

Z)

and they are jointly independent.

Upon setting α = α′, β = β′ and δ = γ, the two models will yield the same probabilistic predictions

for Y . However, each depicts a different story about data-generating processes, and their predictions will

differ under interventions.

For example, suppose we are interested in predicting the expectation of Y after intervening on X in

the first SCM (3.7).

Edo(X:=x)[Y ] = E[β(αx+ UZ) + γϵ+ UY ] = βαx

The second SCM (3.8) will yield a different prediction:

Edo(X:=x)[Y ] = E[β′(α′x+ UZ) + δx+ UY ] = (β′α′ + δ)x

Even upon setting α = α′, β = β′ and δ = γ, we can see that the two models assign different causal

effects to X on Y : a unit change in X will result in a change of βα in Y in the first model and βα+ γ in

the second model.

One might wonder if we can subsitute X − UX for the ϵ term in Y in the first model prior to taking

the expectation to make the two quantities equal. This argument highlights the difference between SCMs

and algebraic equations. In algebraic equations, we can substitute one variable for another as long as they

are equal. However, SCMs are not to be treated as “immutable mathematical equalities” [Pearl, 2009].

Since they describe data-generating processes and thus “a state of equilibrium” reached through causal

mechanisms, altering these processes by substitution would change the meaning and interpretation of the

model [Pearl, 2009].

Regression equations are primarily concerned with prediction and capture covariances between vari-
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ables. Substitution is often used as a mathematical convenience to simplify expressions or solve for vari-

ables, because the equations primarily capture associative relationships rather than causal mechanisms.

This substitution can lead to equivalent forms of the model that still accurately predict outcomes, as long

as the statistical relationships between variables remain consistent.

SCMs, on the other hand, encode how interventions on one variable causally affect others, maintaining

a focus on the directionality andmechanism of causation. Simon [1979] suggests that the value of structural

models lies in their ability to predict the effects of changes in the system. Structural coefficients can answer

the counterfactual question such as ”What would be the change in the expected value of Y if we change

the value of X from x to x+1?,” which is evidently different from the question answered by regression

coefficients, ”What would be the difference in the expected value of Y if we were to find X at level of x+1

instead of x?”. These questions lead to the difference between intervention and conditioning, which we

will discuss in the next section.

Simon [1979] discusses the operational significance of structural models. He posits that distinguishing

feature of SCMs from non-structural sets of equations describing identical sets of observations lies in the

application of interventions. As long as structures remain unchanged, identifiability of causal mechanisms

is not required to estimate the parameters that are needed for prediction. When a change in structure

occurs, however, the causal mechanisms must be identifiable if correct predictions are to be made in the

new structure. He suggests that “these epistemological considerations” reveal the conditions under which

structural causal models can be distinguished from nonstructural equations, which are also the conditions

that lend operational meaning to causal structures.
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3.7 Intervention vs Conditioning

Consider the first SCM in Equation 3.7:

X := ϵ+ UX

Z := αX + UZ

Y := βZ + γϵ+ UY

where ϵ is an unobserved noise term that followsN (0, σ2
ϵ ), UX∼N (0, σ2

X), UY∼N (0, σ2
Y ), UZ∼N (0, σ2

Z)

and they are jointly independent.

In Section 3.6, we saw that Edo(X:=x)[Y ] = αβx. Below we show that this quantity is different from

E[Y |X = x]. If we treated the SCM as a set of regression equations, we could substituteX − UX for ϵ in

Y to obtain

Y = βαX + γ(X − UX) + UY

= (βα+ γ)X − γUX + UY .

Hence,

E[Y |X = x] = rY Xx = (αβ + γ)x

where rY X is the regression coefficient of Y on X .

Conditioning does not change the distribution of the variable being conditioned on. In other words,

variance of X remains the same as σ2
X under conditioning. By conditioning on X = x, we are simply

finding X at a certain level x from its distribution. In contrast, intervening on X by fixing it to x sets its

distribution to a point mass at x, hence P (X = x) = 1 and variance of X is now 0.
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3.8 Covariate Shift

Although fixing a variable at a constant value allows us to isolate the causal effect of a specific variable

on another variable, it is not always feasible to intervene on a variable in such a deterministic manner

in practice. Instead, we can assume that the distribution of the observational data changes over time

and identify the causal effects that remain invariant to these changes. This phenomenon is referred to

as covariate shift, a common problem in machine learning characterized by the training and test sets

originating from distinct distributions, while the conditional distribution of the target variable given the

input variables remains the same [Sugiyama and Kawanabe, 2012]. This approach offers a more feasible

strategy for identifying causal relationships from observational data, considering that the data distributions

are often subject to change in the real-world settings.

We leverage covariate shift as a form of interventions that naturally occur in the data-generating pro-

cess to detect an invariant causal mechanism from observational data. We divide the data into multiple

blocks or environments and assume that the distributions of the input variables change across these en-

vironments. We simulate the covariate shift by (1) changing the variance of the distribution of the noise

terms in (3.4) by a multiplicative factor, or (2) changing the strength of causal effects by a multiplicative

factor. Not only does this appproach model the effect of external interventions on the distribution of the

input variables, but also reflects more realistic settings where the distribution of the data changes over

time.
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Chapter 4

Methods

We aim at finding the causes of a variable of interest in time series data, rather than to recover the entire

causal structure of the data. In this chapter, we describe a method that finds the causal predictors that

are invariant to interventions across time. We adopt and elaborate on the approach introduced in [Pfister

et al., 2019].

4.1 Invariant Causal Prediction

Assume we are given an input data from a time series (Y,X) = (Yt, Xt)t∈{1,2,...,n} ∈ Rn×(d+1), where

Xt ∈ R1×d is a set of predictor variables at time t and Yt ∈ R is a target variable of interest. We are

interested in a setting where distributions of the variables are subject to change. Assumption 1 underpins

the method: there is a set of variables whose relationship with the target variable remains invariant under

distributional shifts such as interventional settings.

Assumption 1 (Invariant Prediction) There exists a subset S ⊆ {1, ..., d} that satisfies the following:

(a) ∀t ∈ {1, 2, ..., n}: Yt = µ+XS
t β + ϵt and ϵt ⊥⊥ XS

t ,

(b) ϵ1, ..., ϵn
iid∼ N (0, σ2)

where µ ∈ R, β ∈ (R\{0}|S|×1) and σ ∈ R>0. Without loss of generality, we often ignore the intercept term

µ. We call the set S an invariant set with respect to (Y, X).
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Assumption 1 implies that, for an invariant set S, it holds Yt|XS
t ∼ N (µ + XS

t β, σ
2) across t =

1, 2, ..., n. For a given XS
t , the noise terms ϵt dictate the variability of the conditional distribution as all

the other terms are constant.

Note that Assumption 1 makes no claims about causality between Y and S. In fact, S may not nec-

essarily be unique. Given the invariance of SCMs under interventions as shown in Section 3.5, however,

the set of parents of Y form a valid invariant set S. Since Assumption 1 does not restrict the distribution

of XS
t , any type of intervention on the predictor variables in an SCM can be performed, with the goal of

finding the ones that are invariant under interventions. However, since we are interested in discovering an

invariant model for Y , the method does not allow for interventions on the target variable. This limitation

explains why this method cannot be used to recover the entire causal structure, but only to find the causes

of a variable of interest.

Under Assumption 1, our goal is to estimate an invariant set S from the observed data (Y, X). Pfister

et al. [2019] define this esimate as the intersection of all sets S ⊆ {1, 2, ..., d} detected as invariant with

respect to (Y, X) through hypothesis testing. Given a set S, it tests the null hypothesis

H0,S : S is an invariant set with respect to (Y,X).

The set of plausible causal predictors is then obtained as the intersection of all sets S for which H0,S is

not rejected at a specified significance level α:

Ŝ :=
⋂

S⊆{1,2,...,d}

{S : H0,S is not rejected at α}. (4.1)

Peters et al. [2016] demonstrate that this definition of Ŝ guarantees it is a subset of the true invariant

set S∗ with high probability (Refer to [Peters et al., 2016] for the proof).

Theorem 3 Assume that the estimator Ŝ is constructed according to Definition 4.1 with a valid test forH0,S

for all sets S ⊆ {1, 2, ..., d} at level α in the sense that for all S, supP :H0,S not rejectedP [H0,Srejected] ≤ α.

Consider now a distribution P over (Y,X) and consider any S∗ such that Assumption 1 holds. Then, Ŝ satisfies

P [Ŝ ⊆ S∗] ≥ 1− α.

Additionally, Peters et al. [2016] proves identifiability of the causal predictors (i.e. Ŝ = PAY where PAY

is the true causes of Y ) under certain conditions.
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We believe Definition 4.1 is intuitively reasonable because variables consistently present across all in-

variant sets are more likely to be the true invariant causal predictors. Furthermore, the definition adheres

to the principle of causal minimality, advocating for the simplest causal structure by including only the

essential variables needed to accurately describe the causal relationships among the variables [Pearl, 2009].

By focusing on a minimal set of variables that remain invariant over time, this approach aligns with Oc-

cam’s Razor, which favors simpler models as long as they adequately capture the underlying phenomenon

[Pearl, 2009].

We acknowledge that such a conservative approach may incur false negatives (i.e. some parents of Y

may be missed) in practice. However, our goal puts more emphasis on finding a set of variables useful for

predicting Y that are robust to distributional shifts, rather than recovering the exact set of parents of Y ,

as long as they are invariant across time.

Pfister et al. [2019] also discuss the method’s robustness to the presence of hidden variables. In the

settings with an arbitrary set of hidden variables that does not include direct causes of Y , the plausible

causal set estimator Ŝ still satisfies the coverage property P [Ŝ ⊆ ANY ] ≥ 1 − α, where ANY is the set

of all ancestors of Y in the causal graph.

4.2 Hypothesis Testing for Invariance

We now introduce the method for testing the null hypothesis H0,S . Pfister et al. [2019] propose a class of

tests under the assumption that a linear Gaussian model, including a linear Gaussian SCM, exists for an

invariant set (See Assumption 1). This assumption allows using a goodness of fit test of the linear Gaussian

model as a test for H0,S , treating the causal coefficients in Equation 3.4 as identical to the regression

coefficients in the linear model for Y given XS
t . Recall that Theorem 2 provides a graphical criterion for

estimating the direct causal effects of a variable on another variable using regression coefficients. Pfister

et al. [2019] formulate the null hypothesisH0,S as a test of the following linear regression model in matrix

notation:

Definition 8

H0,S : ∃β ∈ (R \ {0}), σ ∈ (0,∞) : Y = XSβ + ϵ,
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with ϵ ⊥⊥ XS and ϵ ∼ N (0, σ2Id).

The method is based on the principle that the residuals of the linear regression model should be i.i.d.

Gaussian distributed under the null hypothesis. In other words, we can check for invariance of the con-

ditional distribution of Yt given XS
t across t = 1, 2, ..., n by testing whether the residuals of the linear

regression model are i.i.d. Gaussian distributed. Pfister et al. [2019] construct a test statistic based on the

scaled residuals.

Recall that the Ordinary Least Squares (OLS) estimator for β is given by

β̂ = ((XS)⊤XS)−1(XS)⊤Y,

where PS
X := ((XS)⊤XS)−1(XS)⊤ is the projection matrix that projects Y onto the column space of

X , resulting in the predicted values of Ŷ :

Ŷ = XS β̂ = XSPS
XY.

Hence, the residuals are given byRS := (Id−PS
X)Y. UnderH0,S , the scaled residuals R̃

S
:= R/∥RS∥2

are then given by

R̃S
:=

(Id− PS
X)Y

∥(Id− PS
X)Y∥2

=
(Id− PS

X)ϵ

∥(Id− PS
X)ϵ∥2

=
(Id− PS

X)ϵ̃

∥(Id− PS
X)ϵ̃∥2

,

where ϵ̃ := ϵ/∥ϵ∥2 is the scaled noise.

Assume there is a function T : Rn → R that maps the scaled residuals to a test statistic. In Section

4.2.1, we describe possible choices for T that allow us to detect the shifts in mean or variance of the

residual distribution. The null distribution of T (R̃S
) is then approximated by either permuting the scaled

residuals or bootstrapping the residuals under the null hypothesis, taking into account that the scaled

noise ϵ̃ ∼ N (0, Id). The p-value of the test is then obtained by comparing the observed test statistic to the

null distribution. If the p-value is greater than the specified significance level α, we fail to rejectH0,S and

conclude that S may be a potential invariant set. It is important to note that while null hypotheses usually

argue for the absence of an effect, H0,S argues for the existence of an invariant set (See Definition 8).

The method evaluates the causal coefficients, β, providing both p-values and confidence intervals.
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When assessing the coefficient of the variableXj
t , it takes into account the p-values from all fitted models

that include this variable. Should the maximal p-value among these be less than the predetermined signif-

icance level α (i.e. none of the models containing the variable are invariant), the coefficient corresponding

to this variable is set to 0, and neither p-values nor confidence intervals are computed for it.

Conversely, if the maximal p-value exceeds α, suggesting the inclusion ofXj
t in at least one invariant

set, the p-value assigned to its coefficient is determined as the highest among the models that exclude it.

This rationale is grounded in the definition of an invariant set (See Definition 4.1): if a variableXj
t is part

of the estimated invariant set, then it logically follows that all models excluding it must be rejected. In

such cases, the regression coefficient of the variable is assigned a significant p-value.

The method does not provide p-values for lagged terms of S that represent non-instantaneous effects.

Recall that definition 8 ofH0,S focuses on the instantaneous effects of S on Y since XS = (XS
1 , ..., X

S
n ) ∈

Rn×|S| and Y ∈ Rn×1. However, the method still includes all lagged terms in fitting the OLS model,

thereby returning coefficients and confidence intervals for the past terms as well. Let K ∈ R(t−k)×(k+1)|S|

be a design matrix of both instantaneous and lagged terms XS
t−q ∈ R(t−q)×|S| for q = 0, 1, ..., k (For K,

we drop the first k missing rows across all variables due to lagging). (1−α)-confidence intervals for their

coefficients β are given by β̂K±t1−α/(2|K|),n−|K|−1σ̂diag(((K)⊤K)−1) as in OLS, where t1−α/(2|K|),n−|K|−1

is the (1 − α/(2|K|))-quantile of the t-distribution with n − |K| − 1 degrees of freedom and σ̂2 is the

estimated residual variance [Peters et al., 2016]. Since we also consider the lagged terms as potential causes

of Y (See Equation 3.4), we use confidence intervals, in place of p-values, as our proxy for the evidence for

an invariant relationship between Y and the lagged terms of S. If the confidence intervals for the lagged

terms contain 0, we conclude that the lagged terms are not invariant with respect to Y .

4.2.1 Constructing Test Statistics for Invariance to Interventions

We now introduce test statistics that are capable of detecting (non-)invariances. We consider two types

of violation of invariance that can occur under H0,S : a shift in the mean and a shift in the variance of the

residual distribution. We simulate these violations by performing interventions on the predictor variables.

Pfister et al. [2019] introduce the concept of an underlying change point model, wherein violations in

the invariance (i.e. distributional shifts) occur at specific time points. At each change point, the time series
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is divided into segments, or “environments,” each of which is characterized by a distinct interventional

distribution. Then, test statistics are constructed such that they simultaneously test for invariances over

all potential environments. Multiple testing is accounted for by adjusting the p-values using the Bonferroni

correction.

In practice, however, true change points are unknown. Pfister et al. [2019] argue that one can sim-

ply split the time series into equally-spaced blocks, although it is also possible to incorporate some prior

knowledge about the change points. Pfister et al. [2019] suggest that consistency in identifying the invari-

ant set is achievable when the as long as the size of the set of change points is of the order of log(n) for a

time series of length n and the size of each environment tends to infinity as n gets large.

Given a set of change points CP = (g1, ..., gm) where 0 < g1 < ... < gm < n, we define the i-th

environment ei as the time points between gi−1 and gi for i = 1, ...,m (for i = 1, ei = {0, ..., gi}; for i =

m, ei = {gi, ..., gn}). The collection of environment is denoted as E =
⋃

i∈{1,...,m} ei. Pfister et al. [2019]

proposes that a computationally efficient way of comparing the test statistics across the environments is

to compare each environment against its complement.

F := {(e, f) ∈ P({1, ..., n})2 : e ∈ E and f = {1, ..., n} \ e}.

For all e, f ∈ F , we construct test statistics T i
e,f that detect differences in the residual distribution

between environments e and f . We then combine the all pairwise comparisons to obtain a single test

statistic by

Tmax,F
i (R̃S

) := max
(e,f)∈F

|T i
e,f (R̃

S
)| or T sum,F

i (R̃S
) :=

∑
(e,f∈F)

|T i
e,f (R̃

S
)|.

Pfister et al. [2019] introduce various types of test statistics that can detect either block-wise or gradual

shifts in the residuals. Here we only explain the one detecting block-wise shifts, but the others can be found

in their paper. There are two types of violations of invariance that can occur under H0,S in definition 8:

(a) A difference in the regression coefficients: βe,S ̸= βf,S

(b) A difference in the noise variance: σ2
e,S ̸= σ2

f,S
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where βe,S , σ2
e,S , βf,S , σ

2
f,S are the population regression coefficients and the noise variance in envi-

ronments e, f when regressing Y on XS . Pfister et al. [2019] argue that both types of violations can be

detected by regressing the scaled residuals R̃S
on XS for each environment e and f . For an environment

h ⊆ {1, ..., n}, the regression coefficient and biased sample variance of the scaled residuals regressed on

XS
h are

β̂h,S = ((XS
h)

⊤XS
h)

−1(XS
h)

⊤R̃S
h ,

σ̂2
h,S =

(RS
h − XS

h β̂h,S)
⊤(RS

h − XS
h β̂h,S)

|h|
.

It is then possible to test for either of the two violations respectively using the test statistics

T 1
e,f (R̃

S
) = ∥β̂e,S − β̂f,S∥2 and T 2

e,f (R̃
S
) =

σ̂2
e,S

σ̂2
f,S

− 1

for differences in the regression coefficients and for differences in the variance of the noise. The two tests

can then be combined with a Bonferroni correction.

Find Invariant Set

Input: Time series data (Y,X) where Y is n× 1 target variable and X is n× d predictor variables

Choose: set of pairwise environments E , significance level α

1: for S ⊆ {1, 2, ..., d}

2: Set H0,S : S is an invariant set

3: for (e, f) ∈ E

4: Fit Ordinary Least Squares regression to Ye, Yf using XS
e , X

S
f , respectively

5: Compute the scaled residuals R̃S
e , R̃

S
f

6: Compute test statistic Te,f (R̃
S
) that measures the difference between the residuals

7: Combine test statistics across all environments and compute p-value

8: Reject H0,S if p-value < α

9: Output: Estimated invariant set Ŝ =
⋂

S:H0,S not rejected S
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Chapter 5

Experiments

5.1 Data

We evaluate the performance of our method on synthetic data generated from a linear Gaussian SCM.

A synthetic DAG is randomly generated given a specified number of nodes and an edge probability that

determines the density of the graph. The nodes represent different variables in our system. The time series

data for each node is generated through ancestral sampling, following the causal structure. We allow both

instantaneous and lagged effects in the data, up to a specified maximum lag. Instantaneous effects are

ignored for the root nodes, and lagged effects include autoregressive effects. Hence, the data generation

process entails moving through the time series step by step, where the value of each node is determined by

both current and previous values of its parent nodes in the DAG, with a noise term added. The noise term

for each variable at every time step is sampled from a Gaussian distribution. Interventions are applied to

the data at random time steps to simulate the effect of external factors or deliberate manipulations on the

system.

Our evaluation of the method’s performance is twofold. First, we assess its ability to accurately identify

the invariant causal predictors of a target variable by computationally stressing the method’s capacity

to detect the invariant mechanism under various conditions. Secondly, our assessment focuses on the

method’s predictive accuracy, especially in forecasting the target variable when faced with distributional

shifts. We benchmark the performance of our method’s forecasts against those produced by Ordinary Least
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Squares (OLS) regression.

5.2 Causal Discovery

In this section, we evaluate the method’s ability to correctly identify the invariant causal predictors of

a target variable under various conditions. We ran 50 simulations for each of five graphs with different

parameter settings. Except for Section 5.2.1, the number of nodes is fixed at 5. The majority of the exper-

iments yielded perfect precision, recall, and F1 scores, indicating that the method was able to accurately

identify the invariant set. Instead of reporting the average precision, recall, and F1 score, we report the

proportion of perfect precision, recall, and F1 score across the simulations.

5.2.1 Number of nodes

Table 5.1: Proportion of Perfect Precision, Recall, and F1 Score by Number of Nodes

Number of Nodes F1 prop precision prop recall prop

5 91.11 100.00 91.11
7 90.00 93.33 96.67
9 85.33 90.67 91.33
11 74.67 93.33 78.00

As the number of nodes increases, the fraction of simulationswith perfect F1 score decreases. While the

proportion of perfect precision remains relatively high across all number of nodes, recall is more sensitive

to the number of nodes, as the number of possible combinations of variables increases exponentially with

the number of nodes, making it more difficult to detect the true invariant set.

5.2.2 Sample Size

In this experiment, we vary the sample size of the data. The sensitivity of the method to the sample size

is more pronounced in recall than in precision. The consistency of the fraction of perfect precision across

different sample sizes in Table 5.2 confirms that the method behaves in line with theoretical guarantees

for the proportion of false positives, maintaining it at the predetermined significance level. A significance
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Table 5.2: Proportion of Perfect Precision, Recall, and F1 Score by Sample Size

Sample Size F1 prop precision prop recall prop

50 7.78 95.56 7.78
100 55.56 95.56 58.89
150 81.11 98.89 82.22
200 90.00 100.00 90.00
500 90.00 98.89 91.11
1000 91.11 100.00 91.11

level dictates how stringent the criteria are for deciding whether an apparent causal relationship between

variables may be due to chance. In essence, it sets the probability of making a Type I error, or having a

false positive. Given the significance level, the expectation is that the method should limit the number

of false positives to a rate consistent with this level. Thus, if the method is correctly calibrated to its

significance level (in this case, 0.05), it should not produce more than 5% false positives over a long series

of experiments under a null hypothesis. Indeed, this theoretical guarantee is observed in the precision

column in Table 5.2.

5.2.3 Noise variance

Table 5.3: Proportion of Perfect Precision, Recall, and F1 Score by Noise Variance

Noise Variance F1 prop precision prop recall prop

0.01 94.44 97.78 96.67
0.05 97.78 100.00 97.78
0.1 94.44 100.00 94.44
0.5 68.89 97.78 71.11
1 10.00 98.89 11.11
1.5 0.00 98.89 0.00

Table 5.3 shows that the method maintains a high level of precision across all levels of noise variance,

illustrating its conservative approach by prioritizing precision over recall. However, as the noise variance

increases, the method’s ability to identify the true invariant set diminishes, leading to a higher incidence

of false negatives. This trend is visually depicted in Figure 5.1, where the F1 score distribution’s center
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Figure 5.1: Distribution of F1 Score by Noise Variance

gradually approaches 1 with decreasing noise variance. Specifically, at a noise variance of σ2 = 1.5, the

F1 score distribution centers around 0.85 and is multimodal, highlighting the method’s inconsistency in

detecting the true invariant set under this condition. Conversely, at lower noise variances, the distribution

becomes left-skewed towards 1, indicating a closer alignment with perfect precision and recall.

5.2.4 Graph Density

Table 5.4: Proportion of Perfect Precision, Recall, and F1 Score by Graph Density

Edge Probability F1 prop precision prop recall prop

0.3 83.33 85.56 96.67
0.8 91.11 100.00 91.11

This experiment compares the method’s performance under two graph densities. The proportion of

perfect F1 score is higher for denser graphs. While the proportion of perfect precision is also higher

for denser graphs, the proportion of perfect recall is higher for sparser graphs. This result suggests that

dense graphs, by their nature, may inherently support higher precision, possibly because the likelihood of
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correctly identifying a parent increases with the number of available parents. Conversely, sparser graphs

demonstrate a higher proportion of perfect recall, which could be attributed to their inherent sparsity

facilitating the identification of true relationships due to fewer potential parents.

5.2.5 Causal effect

In this experiment, we manipulated the strength of the causal effects to assess its impact on our method’s

performance. The causal effects were varied as follows:

• weak: β ∼ U(0.05, 0.2)

• moderate: β ∼ U(0.2, 0.6)

• strong: β ∼ U(0.6, 1)

• mixed: β ∼ U(0.05, 1)

To accommodate these changes, wemake the SCM sparser by removing some lagged terms of the target

variable, aiming to reduce multicollinearity. This adjustment, however, generally decreases the method’s

performance, as indicated by an increased frequency of false positives—a trend we observe in the previous

section (See Table 5.4).

Table 5.5: Proportion of Perfect Precision, Recall, and F1 Score by Causal Effect Strength

Causal Effect Strength F1 prop precision prop recall prop

weak 66.00 76.00 80.67
moderate 72.67 75.33 94.00
strong 78.00 78.67 95.33
mixed 67.33 68.67 87.33

Our results demonstrate that both the proportions of perfect precision and perfect recall improve with

the strength of the causal effects. This observation aligns with the expectation that identifying the true

invariant set becomes more straightforward as the causal effects becomemore pronounced. Notably, while

weak causal effects exhibit slightly higher precision than moderate effects, the difference is minimal. Fur-

thermore, the method’s performance drops significantly under mixed causal effects, underscoring the chal-

lenge of dealing with varied intensities of causal relationships.
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5.2.6 Covariate shift

In this experiment, we leveraged the concept of covariate shift to more realistically simulate interventions

on the input variables’ distribution. Initially, causal effects are determined by sampling from a uniform

distribution, β ∼ U(0.3, 0.5). We then modify the strength of these causal effects using a multiplicative

factor, aiming to evaluate the method’s ability to accurately identify the true invariant set in these varied

settings.

Table 5.6: Proportion of Perfect Precision, Recall, and F1 Score by Causal Effect Change Factor

Causal Effect Change Factor Min Q1 Median Q3 Max

0.1 0.25 0.55 0.62 0.71 1.00
0.5 0.22 0.51 0.60 0.69 0.86
1 0.29 0.53 0.59 0.67 0.80
1.5 0.27 0.53 0.61 0.67 0.86
2 0.17 0.53 0.62 0.71 0.92

4 0.36 0.71 0.80 0.86 1.00
6 0.44 0.78 0.87 0.91 1.00
8 0.15 0.78 0.89 0.95 1.00

Figure 5.2: Distribution of F1 Score by Causal Effect Change Factor

In Table 5.6, change factor greater than 1 signifies stronger causal effects, which in turn produce more
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unusual values in the data, thereby making the interventions more conspicuous. The distribution of F1 is

divided into two groups: those with a change factor≤ 2 and those with a change factor> 2 as illustrated in

Figure 5.2. The former is roughly symmetric and centered around 0.6. The latter group has higher median

F1 score and is more right-skewed, indicating that the method is more consistent in detecting the true

invariant set when the causal effects increase by a larger factor.

Figure 5.3: Distribution of F1 Score by Noise Variance Change Factor

Similar to the previous experiment, we changed the noise variances by a multiplicative factor to sim-

ulate the effect of external interventions on the distribution of the noise terms. Prior to interventions, the

data was generated with noise variance σ2 = 0.01. As the noise variance change factor increases, the dis-

tribution of F1 score shifts toward 1. This result indicates that the method is more consistent in detecting

the true invariant set when the noise variance increases by a larger factor as a result of the interventions.

5.2.7 Hidden Variables

This section evaluates the method’s robustness to the presence of hidden variables. If direct causes of a

target variable are hidden from the data, the true invariant causal set would not be identifiable because

the true causes compose the minimal set that forms the causal mechanism of the target variable under the
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principle of causal minimality [Pearl, 2009]. Recall from Definition 8 that the null hypothesis H0,S states

that the set of variables S is an invariant set. We thus expect the method to reject the null hypothesis for

any set of observed predictor variables.

Table 5.7: Proportion of Simulations with Model Rejection by Number of Hidden Causes

Number of Hidden Direct Causes prop rejected

1 1
2 1
3 1

In this experiment, we vary the number of hidden direct causes from 1 to 3 for a target variable with

4 direct causes. Table 5.7 shows that the method consistently rejects the null hypothesis for any set of

observed variables in all simulations. In other words, despite the presence of hidden variables, the method

does not falsely identify an invariant set when the true invariant set is not present in the observed variables.

This result confirms the method’s robustness to hidden variables, but it comes at the cost of a loss of

detection power [Pfister et al., 2019].

5.3 Nonstationary Time Series Forecasting Performance

In this section, we evaluate the method’s performance in forecasting the target variable in the presence of

distributional shifts in the test data. We compare the Mean Squared Error (MSE) of the forecasts made by

the method to the that of the forecasts made by OLS regression and OLS with Least Absolute Shrinkage

and Selection Operator (LASSO) regularization. For each experiment, we report the median and the In-

terQuartile Range (IQR) of MSE across 200 simulations for a fixed graph structure with 5 nodes and edge

probability 0.8.

5.3.1 Least Absolute Shrinkage and Selection Operator (LASSO) Regression

LASSO regression is a type of linear regression that adds a regularization term to the loss function [Tib-

shirani, 1996]. This regularization term is the sum of absolute values of the regression coefficients (i.e. the

L1 norm of the coefficients). LASSO minimizes the following objective function:

38



n∑
i

(yi − β0 −
∑
j

βjxij)
2 + λ∥β∥1. (5.1)

The effect of this regularization is to reduce some regression coefficients to zero, selecting a more par-

simonious model that does not include the corresponding predictors. In the shrinkage process, predictors

that are less associated with the target are more likely to be shrunk to zero. This property makes LASSO

regression particularly useful for models that contain a large number of predictors or suffer from multi-

collinearity. The choice of the regularization parameter λ dictates how many predictors are selected. A

higher λmeansmore regularization, leading tomore coefficients being set to zero. It is important to choose

the right λ that balances the bias-variance trade-off.

In the following experiments, we compare the performance of our method to that of OLS and LASSO

regression in forecasting the target variable in the presence of distributional shifts. Kitchen sink OLS re-

gression is used as a baseline, and LASSO regression can be used to compare the performance of covariance-

based variable selection to that of invariant causal predictors.

5.3.2 Sample complexity

Figure 5.4 shows the MSE of the forecasts made by OLS, LASSO, and the causal model across different

sample sizes. LASSO clearly performs worst among the three methods, with a highest median MSE and

widest IQR across all sample sizes. This result suggests that covariance-based variable selection may not

be as effective as causal-based methods in the presence of nonstationarity.

We zoom in on the performance of OLS and SCM in Figure 5.5 to better compare their performance.

The median MSE is consistent around 1 across different sample sizes when invariant causal predictors are

used, indicating that the method’s performance is not sensitive to the sample size. In other words, the

method is able to make accurate forecasts even with a small sample size. For OLS, not only is the median

MSE higher than that of the causal model, but it also suffers from a higher variance in MSE, as indicated

by the wider IQR. This result suggests that our method is more robust to distributional shifts in the data

than OLS, showing more stable forecasting performance across different sample sizes. It is important to

note, however, that our method might perform poorly when it fails to find the true invariant set.
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Figure 5.4: Median MSE by Sample Size with Q1 and Q3 Shaded

Figure 5.5: Median MSE by Sample Size with Q1 and Q3 Shaded, OLS and SCM Only
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Figure 5.6: Median MSE by Causal Effect Strength with Q1 and Q3 Shaded (Log Scale)

5.3.3 Causal effect

This experiment tests how the strength of the causal effects affects the forecasting performance of three

methods. In Figure 5.6, theMSE for OLS, LASSO, and the causal model is plotted in log scale across different

causal effect strengths because theMSE for LASSO is too high to be displayed in the original scale. It clearly

shows that LASSO performs worst among the three methods for strong causal effects, but slightly better

than OLS for weak and moderate causal effects.

Figure 5.7 plots the MSE for OLS and the causal model in the original scale to compare the stability

of the performance of the two methods. Both median MSE and IQR for OLS are higher than those of

the causal model across all causal effect strengths. In other words, not only is the causal model more

accurate in predicting the target variable, but it also shows more stable performance. For weak causal

effects, however, our method suffers from a higher variance in MSE, as indicated by the slightly wider IQR,

presumably because it is more prone to making false positives and false negatives as seen in Table 5.5.

5.3.4 Covariate Shift

This experiment tests how the change in noise variances affects the forecasting performance of three

methods. Prior to covariate shifts, data was generated with noise variance σ2 = 0.01. As in the previous

experiments, LASSO performs worst among the three methods across all noise variance change factors,

with significantly wider IQR than the other two methods (See Figure 5.8). The causal model has the lowest
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Figure 5.7: Median MSE by Causal Effect Strength with Q1 and Q3 Shaded, OLS and SCM Only

Figure 5.8: Median MSE by Noise Variance Change Factor with Q1 and Q3 Shaded

median MSE and IQR, indicating that it is most accurate and stable in forecasting the target variable. Thus,

we conclude that our method is more robust to distributional shifts in the noise terms than OLS and LASSO

regression.
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Chapter 6

Conclusion

In this thesis, we discuss a method the finds the invariant causal predictors of a target variable of interest

in a nonstationary time series using the invariance property of causal mechanisms. Our contribution lies

in the strategic use of covariate shift to emulate realistic interventions on the input variables’ distribution.

This method marks a departure from the traditional reliance on hard interventions prevalent in causality

research. Our findings reveal that using invariant predictors yields nonstationary forecasting outcomes

that are notably more accurate and consistent than the results obtained via OLS and LASSO across sample

complexity, strengths of causal effects, and degrees of covariate shift. Therefore, we argue that identifying

the causal mechanisms described by invariant sets holds significant practical value. It ensures the mod-

els’ stable performance in out-of-distribution generalization, a key factor in enhancing the reliability of

machine learning models.

We argue that the concept of causal invariance paves the way for an alternative machine learning

paradigm, overcoming the limitations imposed by the No Free Lunch theorem. The theorem states that for

every learning algorithm, there exists a distribution over the data on which it performs poorly [Shalev-

Shwartz and Ben-David, 2014]. From a causal perspective, this theorem translates to the existence of a

causal structure of the data on which the learner falters. Yet, this statement does not hold up against our

empirical evidence, which shows that leveraging invariant causal predictors significantly enhances the

accuracy of forecasting outcomes. Essentially, causal structures act as strong and effective prior knowl-

edge, eliminating the distributions that are problematic for all learners and thus improving generalization
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capabilities. This insight highlights causality’s contribution to enhancing the robustness and reliability of

machine learning models. In future work, we aim to extend our method to handle non-Gaussian noise and

nonlinear relationships between variables and to explore the method’s performance in real-world datasets

with ground truth causal structures.
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